§1. Introduction
As is well known, there exists a canonical transversal vector field on a nondegenerate affine hypersurface M. This vector field is called the affine normal. The second fundamental form associated to this affine normal is called the affine metric. If M is locally strongly convex, then this affine metric is a Riemannian metric. And also, using the affine normal and the Gauss formula one can introduce an affine connection V on M which is called the induced affine connection. Thus there are in general two different connections on M: one is the induced connection V and the other is the Levi Civita connection V of the affine metric h.
The difference tensor K is defined by K(X, Y) = K X Y = V X Y -V X Y. The cubic form C is defined by C = Vh and is related to the difference tensor by h(K x Y,Z) = -\c{X, Y,Z).
The classical Berwald theorem states that C vanishes identically on M, implying that the two connections coincide, if and only if M is an open part of a nondegenerate quadric.
In this paper we will consider the condition VC = 0 for a 4-dimensional locally strongly convex affine hypersurface in R . Clearly VC = 0 if and only if VK = 0. For surfaces this condition has been studied by M. Magid and K. Nomizu in [MN] , where they proved the following; THEOREM A [MN] . Let M 2 be an affine surface in R 3 with VC = 0. (1) xyz = 1, (2) x(y 2 + z) = 1, (3) z = xy +-5-y (the Cayley surface).
A generalization of this theorem to 3-dimensional locally strongly convex hypersurfaces in R is given by the first two authors in [DV1] . There the following classification theorem is proved. (1) xyzw = 1,
Comparing Theorem A and Theorem B with the classification of locally strongly convex homogeneous hyperspheres in R and R in [NS] and [DV3] (homogeneous in the sense used therein), we find that a locally strongly convex affine hypersphere in R or R is homogeneous if and only if it satisfies VC = 0.
In [DV2] it is proved that the hypersurface in R with equation
is a homogeneous hyperbolic affine hypersphere in R . It however does not satisfy V C -0. In the present paper we give a classification of all locally strongly convex affine hypersurfaces in R with VC = 0. In particular, our main result is the following theorem. (1) xyzwt = 1,
All examples occurring in the previous theorems are special cases of the following class of hypersurfaces of R satisfying VC = 0 with equation
where w = Σ i=ί (pi + 1) + q and are affine coordinates of R M+1 . The theorems mentioned above show that this class
gives all examples of locally strongly convex hypersurfaces with VC = 0 for n = 2, 3, 4. This is however not true for n -5, as follows from the discussions in [DV2] .
All examples occurring are also homogeneous. This property remains true in all dimensions. We will prove this in the final section.
THEOREM 2. Let M be a nondegenerate affine hypersurface in R with VC -0.
Then M is a locally homogeneous affine sphere.
We will use the formalism and the notations of [N] . For a short survey of the preliminaries that we need in this paper, we refer to [DV1, §2] .
§2. The construction of an orthonormal basis
In this section, we consider an n-dimensional, locally strongly convex affine hypersurface M in R which has parallel cubic form, i.e. which satisfies VC = 0.
From [BNS] , if follows that M is an affine sphere, so the affine shape operator is
S = λl
Since VC = 0 implies that h{C, C) is constant, there are two cases. First if h(C, O -0, then C -0, h being definite, and therefore M is an open part of a quadric. Otherwise, C never vanishes, and we assume this for the remainder of this section.
Let p ^ M. We now choose an orthonormal basis with respect to the affine metric h at the pointy in the following way, similar as in [DV1] . Let UM P -{u e
Since M is locally strongly convex, UM P is compact. We define a function / on UM P by f(u) = h (K u u, u) . Let e γ be an element of UM P at which the function/attains an absolute maximum, lίfie^ -0, then/ is identically zero, and therefore, K being symmetric, K = 0. This contradicts our assumption, so/(^) > 0.
Let u G UMp such that h(u> e λ ) = 0, and let g be a function, defined by
git) = f(cos(t)e ι + sin(t)u).
Since g attains an absolute maximum at t = 0, we 
If λ λ = 2λ { for all i e {2,3,...,«}, then (2.3) implies that ^ = 0 which is a contradiction. Therefore there is a number k, 1 < A: < n such that, after rearranging the ordering,
< n. Setting λ k+1 = = λ n = μ and using (2.3) and (2.5), we have
4(n -A;) Substituting this in (A5) we obtain that a + 2b = 0, implying that b < 0. Using (A4) we get b --~τw. We can compute easily that all the the other equations are satisfied. We will call this solution of the system (S2). \ίu--cos ae 3 -sin ae 4 , a e R, such that tan a = /-g then
which contradicts the fact that λ ι is an absolute maximum.
The three possible shapes for K. Corresponding to the three possible solutions of the system (A), the following shapes for K can occur at p. The following lemma can be proved as [DVl, Lemma 3.4].
LEMMA 3.1. // the case (S3) holds at p then all the sectional curvatures are zero,
9 moreover h(K, K) = -~yχλ. If the case (SI) holds at p then h(K, K) ---w λ and if the case (S2) holds at p then h(K, K)
We therefore can conclude that, if (SI), respectively (S2) or (S3), is true at a point p, then it is true for every point on M. If (S3) is true on M, then we can apply the main theorem of [VLS] and obtain that M is affine equivalent to an open part of the hypersurface (1) of Theorem 1.
Having this basis {e t } at a point p, we can translate it parallelly along geodesies through p and obtain a local frame {£,-} on a normal neighborhood of p. Since VK = 0, K will have the same expression in any point as in p. This is stated in the following lemmas, which can be proved similarly as Lemma 3.5 and Lemma (1) at any p ^ M, f attains its maximum value at E λ {p), The fact that M is an affine sphere follows from [BNS] . If M satisfies VC = 0, then VR = 0. Let p, q ^ M and let {e^ be any orthonormal basis of T P M. We can translate it parallelly along geodesies through p and obtain a local frame {E) on a normal neighborhood of p. Since VK = 0 and VR = 0, the numbers c ijk = h(K(E if Ej), E k ) and r ijkl = h(R(E iy Ej)E k , E t ) will be constants. If we translate {e { } parallelly to q, we obtain an orthonormal basis {/,} of T q M. Let L : T P M-* T q M be the linear isometry mapping e t onto f t . Then L preserves curvature, such that from [O'N, Theorem 8.14] we know that there is an isometry/ : U -> M from an open U around p such that f(p) = q and f* p = L. Let F { = f*E { , then the frame {F t ) is obtained from if) by parallel translation as above. Moreover c ijk = h{K(F if F), F k ) and r ijkl = h(R(F i9 F)F ki F,) are the same constants. Therefore / preserves both h and K, so by the fundamental uniqueness theorem, we again obtain that there is an equiaffine transformation A of R n+ such that A(x) = f(x) for all x ^ U. Hence Mis locally homogeneous. 
